If Lorentz symmetry is violated at high energies, interactions that are usually non-renormalizable can become renormalizable by weighted power counting. We present a CPT invariant, Lorentz violating extension of the Standard Model containing two scalar-two fermion interactions (which can explain neutrino masses) and four fermion interactions (which can explain proton decay). The presence of four fermion vertices allows us to argue that the known low energy physics can be reproduced also if the elementary scalars are suppressed, in the Nambu-Jona-Lasinio spirit. The scalarless model predicts relations among otherwise independent parameters of the Standard Model.
Introduction
Lorentz symmetry is a basic ingredient of the Standard Model of particle physics. Nevertheless, several authors, inspired by different considerations, have suggested that Lorentz symmetry and CPT could be broken at very high energies or very large distances. The problem of Lorentz violation has attracted a lot of interest, in cosmology, astrophysics, high-energy physics. If Lorentz symmetry were not exact our understanding of Nature would change considerably. On the other hand, the parameters of the Lorentz violating Standard-Model extension [1] have been tested with great precision [2] and found in very good agreement with Lorentz invariance in a quite wide range of energies.
Massive gravity plays an important role in the study of large-distance modifications of the gravitational force [3] . Certain problems, such as the vDVZ discontinuity, appear less sever if the graviton mass term violates Lorentz symmetry [4] . The possibility of high-energy Lorentz violation is also open [5, 1] and has inspired several investigations about the new physics that could emerge [6] .
Lorentz violating quantum field theory can be useful for several purposes. It contains nonrelativistic field theory, and has applications to nuclear physics [7] , effective field theory [8, 9] , critical phenomena [10] , cosmology [11] and possibly high energy physics. In condensed matter physics it can describe higher temperature superconductors, ferroelectric liquid crystals, polymers and magnetic materials [12, 13] .
In this talk we focus on the relation between Lorentz symmetry, or Lorentz violation, and renormalizability. The set of ordinary power-counting renormalizable theories is considerably restricted by the assumptions of unitarity, locality, causality, stability, polynomiality and Lorentz invariance. If we relax one or some of these assumptions we can certainly enlarge the set of renormalizable theories. However, usually the enlargement is too wide. For example, there exist an infinite set of renormalizable non-unitary theories. Improving the behavior of propagators at large momenta with higher-derivative kinetic terms [14] it is possible to define a renormalizable higherderivative version of every theory, including gravity [15] . Relaxing locality can in principle make every theory finite, smoothing away the small distance singularities that originate the UV divergences [16] . Relaxing Lorentz invariance, instead, appears to be more promising. Since we want to change the high-energy behavior of the theory in an essential way, the Lorentz violation cannot be spontaneous, but must be explicit.
The UV behavior of propagators can be improved with the help of higher spatial derivatives. Higher-time derivatives are not allowed, by unitarity. If the vertices and quadratic terms are arranged according to a certain "weighted power counting" criterion, which weighs time and space differently, no higher time derivatives are generated by renormalization. The set of consistent theories is still very restricted, yet considerably larger than the set of Lorentz invariant theories. Interactions that are not renormalizable by ordinary power counting, such as two scalar-two fermion vertices and four fermion vertices, can become renormalizable by weighted power counting. All other properties, namely unitarity, locality, causality, stability and polynomiality, can be preserved. Consistent renormalizable models exist in arbitrary spacetime dimensions. In non-gauge theories several types of Lorentz breakings are allowed [17, 18] . On the other hand, the presence of gauge interactions puts a severe restriction, because it selects a unique type of Lorentz breaking, the one order one. Several experiments have put bounds on the scale of Lorentz violation. Some authors [24] claim that the violation can be pushed beyond the Planck scale. However, agreement with experiments can also be achieved with a lower Λ L , if suitable δ L 's are not of order 1. Our StandardExtended Model contains sufficiently many free parameters to accommodate present observations. If Λ L is around the Planck mass, most δ L 's can be of order 1. If Λ L is much lower, say around 10 14 GeV, then some δ L 's have to be as small as 10 −10 . Yet, the model is predictive in the sense that it contains a finite number of free parameters, so at some stage it will be possible to confirm it or prove it wrong.
The other potential weakness is that our model is not unique. There exist infinitely many, more involved, versions. No upper bound on the number of higher space derivatives seem to follow from first principles. On the contrary, Lorentz invariant quantum field theory is much more restrictive, because there the upper bound on the number of time derivatives, due to unitarity, implies an identical upper bound on the number of space derivatives. This means that some aspects of Lorentz violating quantum field theory are still mysterious. Yet, even this second aspect of Lorentz violating quantum field theory does not ensure that Lorentz symmetry is exact at arbitrarily high energies, because it does not affect internal consistency.
We have worked exclusively in flat space. The ultimate fate of Lorentz violating quantum field theory depends very much on gravity. When gravity is turned on the problem becomes more subtle, since the symmetry that must be broken is local, not global. And it must be broken explicitly, not spontaneously. A naive breaking of Lorentz invariance breaks also diffeomorphisms, therefore unitarity. This is the approach of [25] , which we do not think is sound (see for example [26] ). Without entering into details, we just say that there must exist a better way to pursue the quantization of gravity other than breaking unitarity.
There also have been interesting attempts to derive gravity from a spontaneous breaking of local Lorentz symmetry [27] .
In the first part, where we discuss the technical aspects of renormalization, we mainly work in Euclidean space. When we study the Standard-Extended Model we turn to Minkowski space. 
Weighted power counting
The generalization of our arguments to the most general breaking is straightforward [17] .
Each momentum p is split into "first" components p, which live in M d , and "second" components p, which live in M d : p = ( p, p). The spacetime index µ is split into hatted and barred indices as well: µ = ( µ, µ). Notations such as p µ , p µ and p µ refer to the same object, as well as p µ , p µ , p µ .
We say that P k,n ( p, p) is a weighted polynomial in p and p, of degree k and weight 1/n, where k is a multiple of 1/n, if P k,n (ξ n p, ξ p) is a polynomial of degree kn in ξ . Clearly,
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We say that H k,n ( p, p) is a homogeneous weighted polynomial in p and p, of degree k and weight
It is immediate to prove that a weighted polynomial P k,n of degree k can be expressed as a linear combination of homogeneous weighted polynomials H k ,n of degrees k ≤ k. Consider a generic scalar field theory with a propagator defined by the quadratic terms
(in Euclidean space). Up to total derivatives it is not necessary to specify how the 2 j derivatives ∂ contract among themselves. The number n plays a crucial role, since 2n is the highest power of ∂ that appears in the quadratic terms of the lagrangian. The coefficient of the term (∂ n ϕ) 2 must be positive, to have an action bounded from below in the Euclidean framework or, equivalently, an energy bounded from below in the Minkowskian framework. We normalize a n to 1. The propagator reads 1
To study renormalization, the quadratic terms proportional to a j , j < n, can be considered as "interactions" (two-leg vertices) and treated perturbatively. Indeed, the counterterms depend polynomially on such parameters. This property generalizes the well-known polynomiality of counterterms in the masses, and can be proved observing that the integral associated with a graph becomes overall convergent when it is differentiated a sufficient number of times with respect to the a j 's with j < n. Thus we can assume that the propagator is
and treat every other terms as vertices. Green functions calculated with (2.2) are IR-smooth, provided we choose non-exceptional external momenta. Thus, the propagator we use is the inverse of a weighted homogeneous polynomial of degree 2 and weight 1/n. Perturbative unitarity demands that no higher-time derivative be present, both in the kinetic part and in the vertices. We need to prove that no higher time derivatives are turned on by renormalization.
We label the vertices that have N ϕ-legs with indices α, in such a way that each vertex defines a weighted homogeneous monomial in the momenta of the fields. We call
the weighted degree of the αth vertex with N ϕ-legs and symbolically write such vertex as
The lagrangian can be written as
The couplings λ N,α are dimensionless and weightless. We have attached an extra dimensionless, but possibly weightful constant g to each ϕ-leg, save two of them. We define g as the constant with maximum weight that can fit into the structure (2.3). It will be useful to study super-renormalizable theories.
Consider a Feynman graph G made of L loops, E external legs, I internal legs and v α N vertices of type N, α. The integral associated with G has the form
where p are the loop momenta, k are the external momenta, P
−2,n are the propagators, which have weighted degree −2, and V ( j) δ j ,n are the vertices, with weighted degrees δ j . The integral measure
, and using the locality of counterterms, it is immediate to prove that the divergent part of I G (k) is a weighted polynomial of degree
The usual relations
allow us to write
Observe that formula (2.5) reads exactly as the Lorentz invariant one, with the spacetime dimension replaced byd. Even more, all considerations that follows can be obtained from the usual ones, operating this replacement. In practice, Lorentz violating quantum field theory lives, at high energies, in a reduced, generically fractional, dimensiond. The theory is renormalizable if δ α N ≤ d(N) for every N and α. Indeed in that case counterterms satisfy the same inequality:
Similarly, the theory is: 
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As promised, a renormalizable theory does not contain higher time derivatives. Indeed, by locality δ α N cannot be negative, so (2.8) gives
By polynomiality, there must exist a finite, maximal N, thereforē
Then, (2.8) and (2.9) imply also δ α N ≤ 2, ω(G) ≤ 2 (for N ≥ 2). Higher time derivatives would violate such bounds.
The strictly renormalizable models have the δ
(2.10)
We call the models (2.10) homogeneous. Homogeneity is preserved by renormalization, in the sense that there exists a subtraction scheme in which no lagrangian terms of weighted degrees smaller than d(N) are turned on by renormalization. This fact is evident using the dimensionalregularization technique. Indeed, when δ
The weighted scale invariance is anomalous at the quantum level. The weighted trace anomaly and its relation with the renormalization group are studied in [17] . The RG flow is more precisely understood as a "weighted RG flow", defined by the weights of the fields and couplings rather than by their dimensions. In particular, the infrared limit is the limit where Λ L is kept fixed, while the weightful parameters (including the RG scale µ, which has weight 1) tend to infinity. Analogously, the ultraviolet limit is defined as the limit where Λ L is kept fixed, while the weightful parameters tend to zero. As a consequence, the fixed points of the weighted RG flow do depend on Λ L .
Examples We begin with the ϕ 4 -theories in four weighted dimensions. A simple Lorentzviolating solution is the model with n = 2 described by the lagrangian
More generally, we have the family of 2(n + 1)-dimensional theories
In general, for every Lorentz-invariant renormalizable theory there exists an infinite family of Lorentz-violating renormalizable theories. In four dimensions the spacetime manifold can be split as
This model belongs to a family ofd= 3, (2 + n)-dimensional ϕ 6 -theories, whose lagrangian is
when n is odd and
when n is even. Observe that (2.15) includes the Lorentz-invariant ϕ 6 -theory in three spacetime dimensions, which is the case n = 1. For d = 3 we have only ϕ 4 models (ignoring unstable ϕ 5 theories), for example
with n = 3 and the symmetry ϕ → −ϕ. For d = 4 we get again the Lorentz-invariant ϕ 4 -theory.
Non-homogeneous models Non-homogeneous theories can be obtained from the homogeneous ones adding super-renormalizable terms, which are those that satisfy the strict inequality δ
For example, keeping the symmetry ϕ → −ϕ, the non-homogeneous extension of (2.11) is just
and the one of (2.14) is
Fermions The considerations just recalled are easily generalized to fermions. The weight of a fermion field is (d−1)/2. Renormalizable theories are those that contain all vertices and quadratic terms with weight not larger thand and only those. Nontrivial stable renormalizable theories containing only fermions exist ford≤ 2. The quadratic lagrangian reads
and its propagator is
We can normalize a n to 1, while a 0 is the mass m. As before, for the purposes of renormalization we can treat the terms with fewer than n ∂ -derivatives as vertices, and use the homogeneous propagator
Label the vertices that have 2N ψ-ψ -legs by means of indices α. Call δ α N the weighted degree of the derivatives acting on them. Consider a diagram G with 2E external ψ-ψ -legs, constructed with v α N vertices of type N, α. Once the subdivergences have been subtracted away, its overall divergence is a weighted polynomial of degree
in the external momenta, where
Renormalizability demands
Pure fermionic homogeneous models have strictly renormalizable vertices, namely those with δ α N = d F (N). Their lagrangian has the form
denotes a basis of lagrangian terms constructed with N fields ψ, N fields ψ and nd F (N) ∂ -derivatives, invariant under the reduced Lorentz symmetry. For simplicity, we can assume also invariance under parities in both portions of spacetime.
Let us concentrate on four spacetime dimensions. The Lorentz split (1, 3) gives admits infinitely many non-trivial solutions, beginning from n = 3. For example, the n = 3 and n = 6 theories read
respectively. The Lorentz splits (2, 2) and (3, 1) do not admit non-trivial solutions. Now we study the models containing coupled scalars and fermions. It is important to note that when different types of fields are involved, they must have the same n. We classify the vertices with labels N ψ , N ϕ , α, where 2N ψ is the number of ψ-ψ -legs, N ϕ is the number of ϕ-legs and α is an extra label that distinguishes vertices with different structures. Call δ α N ψ ,N ϕ the weighted degree of the α-th vertex. Consider a diagram G with 2E ψ external ψ-ψ -legs, E ϕ external ϕ-legs and v α N ψ ,N ϕ vertices of type N ψ , N ϕ , α. Once the subdivergences have been subtracted away, the overall divergent part of G a is a weighted polynomial of degree
in the external momenta. Renormalizability demands
is non-negative, the numbers of fermionic and bosonic legs are bound by the inequality
The homogeneous models have a lagrangian of the form
In four dimensions the splitting (1, 3) has a unique non-trivial solution, which is the model (2.13) coupled to fermions. It has n = 2 and its lagrangian reads
The splitting (2, 2) admits infinitely many solutions. The simplest one is the theory with n = 2, symmetric under ϕ ↔ −ϕ, that couples (2.14) to fermions:
The splitting (3, 1) admits, again, infinitely many solutions. The simplest homogeneous examples are thed= 2, four-fermion models
Stable coupled scalar and fermion theories exist ford≤ 4.
Gauge fields
The gauge field A µ = A a µ T a , with T a anti-Hermitian, is decomposed as A = ( A, A) .
induces the weight assignments
where g is the gauge coupling. An important fact is that Lorentz violating gauge theories admit only the spacetime splitting into space and time. Theories with d > 1 have additional spurious divergences that cannot be eliminated [28, 29] . The field strength is split as
In Lorentz violating gauge theories the BRST symmetry is the same as usual,
etc., where B a are Lagrange multipliers for the gauge-fixing. The quadratic gauge field lagrangian reads
where τ is a polynomial of degree n − 1 and
The most convenient gauge-fixing is 22) where υ ≡ −∂ 2 /Λ 2 L , ζ is a polynomial of degree n − 1 and λ can be a constant, but also a function of υ. The total gauge-fixed action is
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Renormalization And Lorentz Symmetry Violation Damiano Anselmi where L I collects the terms that are at least cubic in the field strength. The gauge-field propagator can be worked out from the free subsector of (2.23), after integrating B a out, which amounts to add (G a ) 2 /(2λ ) to the quadratic lagrangian L Q . In the "Feynman" gauge
we find a nice diagonal propagator 25) where now τ and ζ are functions of k 2 /Λ 2 L . The ghost propagator is 1/( k 2 + τk 2 ). Observe that in the gauge (2.24) integrating B out amounts to add the non-local term
to L Q . This is legitimate, since the action (2.23) is local before integrating B out, and B is nonpropagating (see (2.22) ). The consistency of (2.21) is explained by a simple weight assignment. The kinetic lagrangian L Q containsF 2 , soF must have weightd/2.
The weight of the gauge coupling is
Observe that [g] > 0 in four dimensions, for n > 1, where gauge interactions are always superrenormalizable. We also find
The quadratic terms of the ghost Lagrangian contain C ∂ 2 C and λ B 2 , which have weightd, so we have the weight assignments
Standard-Extended models
Now we are ready to present our CPT invariant Lorentz violating extensions of the Standard Model [20, 23] . In four dimensions we haved= 1 + 3/n. The simplest choice is n = 3, which means weighted dimension 2. The lagrangian reads, in Minkowski space,
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Renormalization And Lorentz Symmetry Violation Damiano Anselmi where s, b) . The sum ∑ G is over the gauge groups SU(3) c , SU(2) L and U(1) Y . Finally, τ G are polynomials of degree 2. Gauge anomalies cancel out exactly as in the Standard Model [20] . The "boundary conditions" such that Lorentz invariance is recovered at low energies are that b Iab 1 tend to δ ab and a 2 , τ G tend to 1 (one such condition can be fulfilled normalizing the space coordinates x).
The gauge coupling g has weight 1/3. Since the weight of a scalar field vanishes ind= 2 a constant g of weight 1/3 is attached to the scalar legs to ensure renormalizability. The weights of all other parameters are determined so that each lagrangian term has weight 2 (=d). We have neutrino masses ∼ v 2 /Λ L , v being the Higgs vev, assuming that all other parameters involved in the vertex (LH) 2 /Λ L are of order 1. If this is the origin of neutrino masses, reasonable estimates of their values (a fraction of eV) give Λ L ∼ 10 14 GeV.
By covariance, the coupling g attached to the scalar legs must satisfy
, so we can choose [g] = 1/3. Then the most general lagrangian is (3.1) plus the extra terms
and those obtained suppressing some fields and/or derivatives, where ε is the ε-tensor with three space indices. The extra terms (3.3) can be consistently dropped, because they are not generated back by renormalization.
Scalarless model Our scalarless Standard-Extended Model is obtained suppressing the Higgs field in (3.1) and reads
Obviously, gauge anomalies still cancel. We see that the simplification with respect to (3.1) is considerable.
At energies Λ L gauge and Higgs fields become free and decouple, because their interactions are super-renormalizable. Both theories (3.1) and (3.4) become a four fermion model in two weighted dimensions, with lagrangian
We have kept also the terms multiplied by b Iab 1 , since they are necessary to recover Lorentz invariance at low energies.
The model (3.4) can describe the known low-energy physics, including the Higgs boson as a composite field, by means of a dynamical symmetry breaking mechanism triggered by the four fermion vertices, where some quark-antiquark bilinears acquire expectation values [23] . At energy scales much smaller than Λ L the low-energy effective theory resembles a Standard Model with one or more Higgs doublets. However, the masses of composite Higgs bosons, as well as their selfcouplings and couplings to quarks and gauge fields, are not free, but unambiguously determined by (3.4) . This is a crucial difference with respect to the ordinary Nambu-Jona-Lasinio framework [22] , which was studied in [30, 31] and makes use of non-renormalizable interactions. The predictivity of the ordinary approach was questioned in ref. [32] , where it was shown that the unknown highenergy physics, duly parametrized, can add enough extra parameters to the low-energy effective action, and make it completely equivalent to the Standard Model (with elementary Higgs field), equipped with all its free constants. The model 3.4, on the contrary, has an unambiguous highenergy behavior. With respect to other approaches to composite Higgs bosons, such as technicolor [36] , or the introduction of extra heavy gauge bosons to renormalize four fermion vertices [35] , it has the advantage of being conceptually more economic.
The dynamical symmetry breaking is a non-perturbative mechanism to generate low-energy effects from otherwise suppressed high-energy interactions. The dynamical symmetry breaking might reverberate the Lorentz violation down to low energies. If that happened, our scalarless model (3.4) would be in trouble. However, using the large N c expansion we can prove that Lorentz symmetry remains highly suppressed even when the dynamical symmetry breaking takes place.
Specifically, the dynamical symmetry mechanism produces fermion condensates. The effective potential, calculated in the large N c expansion, and has a Lorentz invariant (local) minimum, which gives masses to the fermions. Massive scalar bound states (composite Higgs bosons) emerge, together with Goldstone bosons [34] . Then gauge interactions are switched back on, and the Goldstone bosons associated with the breaking of SU(2) L × U(1) Y to U(1) Q are "eaten" by the W ± and Z bosons, which become massive. Curiously, the relation between m t and the Fermi constant, 1
turns out to be in astonishingly good agreement with the experiment: using our estimated value Λ L = 10 14 GeV, we find m t = 171.6GeV, when Particle Data Group gives m t = 171.2 ± 2.1GeV.
Conclusions
Unitary Lorentz violating renormalizable quantum field theories in flat space can be obtained improving the UV behavior of propagators with the help of higher space derivatives. The removal of divergences is governed by a weighted power-counting criterion. If the lagrangian has the form dictated by this criterion, time derivatives are "protected", in the sense that no higher time derivatives are turned on by renormalization. When gauge fields are present, spacetime must be split into time and space. The Standard Model admits interesting Lorentz violating extensions. For example, there exist models that can renormalize two scalar-two fermion vertices, and therefore give masses to the (left-handed) neutrinos without the need to introduce right-handed neutrinos, nor other extra fields, and without violating CPT. We have found that the simplest model with such properties can contain also four fermion interactions, and therefore describe proton decay. The cancellation of anomalies is inherited from the one of the Standard Model. Our extended models become very simple at high energies ( Λ L ), where all gauge and Higgs interactions, being super-renormalizable, disappear. There survives a four fermion model in two weighted dimensions, which admits a dynamical symmetry breaking. In spite of the fact that such a four fermion model is Lorentz violating, the dynamically generated vacuum and the low energy effective action are Lorentz invariant. We have therefore focused on the scalarless extended model (3.4). In the large N c expansion the dynamical symmetry breaking generates composite massive Higgs bosons and gives masses to fermions and gauge bosons. The model is predictive, in the sense that it does not contain the ambiguities of previous approaches, which relied on the non-renormalizable Nambu-Jona-Lasinio mechanism, and is candidate to explain all low energy physics. The leading order of the large N c expansion, with gauge interactions switched off, does not allow us to make very precise quantitative predictions, although the relation (3.6) between the Fermi constant and the top mass turns out to be astonishingly right.
A step forward towards more precise predictions is to include the effects of the RG flow from energies ∼ m t to Λ L , and study the condition of compositeness at energies ∼ Λ L [31] . However, in our Lorentz violating theories the RG flow is considerably different from the usual one: it coincides with the usual one at energies ∼ m t , since the low energy theory (with composite Higgs bosons included) is renormalizable by ordinary power counting; on the other hand, it changes completely as we move to energies ∼ Λ L , because there, gauge interactions do not run.
The dynamical symmetry breaking mechanism can of course take place also in the Higgsed model (3.1), if the four fermion vertices are chosen appropriately. There, its effects sum to those of the elementary Higgs doublet. It can also be applied to Standard Model extensions that contain new types of fermions, interacting by four fermion vertices, such as those considered in ref.s [37] .
If we accept that Lorentz invariance is violated at high energies there remains to explain why it should be recovered at low energies, since generically renormalization make the couplings run independently. It is of course possible to restore Lorentz invariance at low energies by means of a fine tuning, which would be easier to justify if the Lorentz invariant surface were infrared stable.
